The generalized pseudospectral method is employed to study spherical confinement in two simple Coulombic systems: (i) well celebrated and heavily studied H atom (ii) relatively less explored Hulthén potential. In both instances, arbitrary cavity size, as well as low and higher states are considered. Apart from bound state eigenvalues, eigenfunctions, expectation values, quite accurate estimates of the critical cage radius for H atom for all the 55 states corresponding to n ≤ 10, are also examined. Some of the latter are better than previously reported values. Degeneracy and energy ordering under the isotropic confinement situation are discussed as well. The method produces consistently high-quality results for both potentials for small as well as large cavity size.
I. INTRODUCTION
Enclosure of an atom/molecule in a spherically impenetrable box was first conceived as early as in 1937 [1] , where the effects of high pressure on energy levels, polarizability and ionization potential were studied. A many-electron system trapped inside an inert cavity with such a boundary experiences spatial confinement that affects its physical and chemical
properties. This has, therefore, been employed in a variety of situations, e.g., the cell-model of liquid state, high-pressure physics, study of impurities in semiconductor materials, matrix isolated molecules, endohedral complexes of fullerenes, zeolites cages, helium droplets, nanobubbles, etc. [2] [3] [4] [5] [6] [7] [8] . This has also found astrophysical applications, such as hydrogen atom spectra [9] , mass-radius relation in theory of white dwarfs, determination of rate of escape of stars from galactic and globular clusters, simulation of the interiors of giant planets Jupiter and Saturn [10] , etc. The recent upsurge of interest in nanotechnology has also inspired extensive research activity to simulate spatially confined quantum systems (on a scale comparable to their de Broglie wave length). Importance of such artificial atoms has been realized in quantum wells, quantum wires, quantum dots as well as nano-sized circuits such as quantum computer, etc., by employing a wide variety of confining potentials.
Ever since the pioneering model of [1] on compressed quantum systems, an enormous amount of work has been reported on confined hydrogen atom (CHA) problem, in particular. Effect of isotropic compression on 1s, 2s and 2p levels of H atom were provided through a semi-quantitative calculation [11] . These [1, 11] and other following work [12] invoked a direct solution of relevant Schrödinger equation imposing the boundary condition that wave function vanishes at the surface of enclosing sphere. A Hartree-Fock self-consistent field solution [13] with Slater-type orbitals and cut-off functions has been proposed. Approximate analytical formulas for CHA eigenvalues were derived using Vawter's coth z method [14] , joint perturbation method and Padé approximation [15, 16] , WKB method [17] . Some other attempts are: a combined hyper-virial theorem and perturbation theory [18] , a variational boundary perturbation method with appropriate cut-off function [19, 20] along with its variants [21, 22] , by extending a power-series solution [23] , originally proposed for free quantum systems, to confined case [24] , self-consistent solution [25] of relevant Kohn-Sham equation within the broad domain of density functional theory, variational perturbation theory [26] , variational method in conjunction with super-symmetric quantum mechanics [27, 28] , Rayleigh-Schrödinger perturbation theory [29] , Lie algebraic treatment [29] , Lagrange-mesh method [30] , searching the zeros of hyper-geometric function [31] , asymptotic iteration method [32] , etc. So far the most accurate calculations are those based on formal solution of confluent hyper-geometric function and series method [33] . Exact solutions for this system are expressed directly in terms of Kummer M−function (confluent hyper-geometric) [34] . Some numerical schemes have also been proposed, e.g., [35] . While the dependence of ground-and excited-state energies on cage radius remained in the center of investigation in all these mentioned works, a host of other properties have all also found attention. A few notable ones are: hyperfine splitting constant [13, 16, 24, 33, 36] , dipole shielding factor [37] , nuclear magnetic screening constant [24, 33, 36] , pressure [16, 24, 33, 36] , excited-state life time [35] , nuclear volume isotope effect [35] , density derivatives at the nucleus [38] etc. A significant amount of work exists on static and dynamic polarizability [24, 33, 36, 37, [39] [40] [41] [42] [43] [44] [45] [46] within the Kirkwood, Buckingham, Unsold approximations and many other methods as well.
It offers some interesting properties in higher dimensions [31] as well. Confinement within penetrable boundaries [36, 47, 48] are studied. Shannon and Fisher information entropies in position and momentum space of CHA in soft as well as hard spherical cavities have been investigated [49, 50] . Various scaling relations are proposed [51] . Another interesting aspect of this problem is that as the confining radius decreases, binding energy decreases and there exists a critical value of this radius (r c ), at which latter becomes zero. Many attempts have been made to estimate this [52] . Numerous other features of CHA as well as the methods employed could be found in the elegant reviews [53] [54] [55] and references therein.
This work is concerned with the spherical confinement inside an impenetrable cavity of two widely used Coulombic systems, viz., H atom and Hulthén potential. For this, the generalized pseudospectral (GPS) method is invoked, which has been found to be quite successful for a number of problems [56] [57] [58] [59] [60] [61] [62] [63] . However, its application to confinement situations has rather been limited: H atom and Davidson oscillator [61] , 3D polynomial oscillator including the harmonic oscillator [63] . Although a detailed study was made in the latter case, for H atom, only a few s and p states (a total of 9) were reported. Given the success of this approach for bound states of a variety of problems (as given in the references and therein), it is desirable to assess and validate its performance for other relevant confinement studies. With this in mind, here we thus present its extension in the context of confined H atom case in terms of eigenvalues, eigenfunctions, radial densities and various expectation values. Besides, the critical box radius, r c c , for all the 55 states in H atom, are given. Small, medium and large box sizes have been used. Energy variations with respect to the cage radius, r c , are followed for low and high excited states. Moreover, while a vast amount of work is published for confinement in H atom, much lesser attempts are known to understand its effects on other Coulombic systems. To follow this, the case of Hulthén potential is considered, which represents an important short-range potential. Applications are found in particle physics, atomic physics, solid-state physics and chemical physics (see, for example, the references [64] [65] [66] [67] [68] and therein). Over the years, numerous methods have been proposed for accurate estimation of its bound states in the free system. Some scattered works have been published for this potential under spherical confinement as well [17, 28] .
We offer accurate bound-state energies of confined Hulthén potential for ground and some low-lying states for varying range of screening parameter. Small as well as large r c has been considered in a systematic manner. The article is organized as follows: Section II gives a brief outline of our method, a discussion of the results are presented in Section III, while some concluding remarks are offered in Section IV.
II. THE GPS METHOD FOR CONFINEMENT
Various features of the methodology were discussed detail in previous references [56] [57] [58] [59] [60] [61] [62] [63] .
Here, only the essential details, necessary for solution of relevant single-particle Schrödinger equation for a central potential under the influence of a spherical confinement, are presented.
One seeks the solution of following time-independent non-relativistic eigenvalue equation:
where v(r) characterizes the specific potential under investigation, whereas n, ℓ refer to the usual radial and angular quantum numbers. Our interest lies in the following two cases,
where δ is a screening parameter. The spherical confinement is achieved by introducing the following potential as v c (r) = +∞ for r > r c and 0 for r ≤ r c , where r c signifies the radius of spherical enclosure. One needs to solve this equation satisfying the Dirichlet boundary condition, ψ n,ℓ (0) = ψ n,ℓ (r c ) = 0.
The crucial step is to approximate a function f (x) defined in the interval x ∈ [−1, 1] by an N-th order polynomial f N (x),
so that the approximation is exact at collocation points x j , i.e., f N (x j ) = f (x j ). Here the Legendre pseudospectral method is employed, with x 0 = −1, x N = 1; while x j (j = 1, . . . , N −1)
are to be obtained from roots of first derivative of Legendre polynomial P N (x) with respect 
where L and α = 2L/r max are two adjustable mapping parameters. Then, introduction of a transformation of the type ψ(r(x)) = r ′ (x)f (x), followed by a symmetrization procedure leads to a symmetric matrix eigenvalue problem. This is easily solved by standard available routines (NAG libraries, for example) offering quite accurate eigenvalues and eigenfunctions.
III. RESULTS AND DISCUSSION
A. Confined H atom
At first, to seven-figure accuracy in [35] . Exact energies, expressed through Kummer M−functions [34] , are also available for these states. For all values of radii, present energies for both states completely agree with the quoted values, for up to the precision they are presented in [34] .
Some other very accurate results are also found, e.g., the series method [33] , asymptotic [35] . b Ref. [32] . c Ref. [55] . d Ref. [33] . e Ref. [34] . f Ref. [24] . g Ref. [29] .
iteration method [32] . Former results exist for both states, while same for the latter offers only 2s states. For all instances, our energies are seen to either agree completely with these, or differ only in the last place of decimal quoted. Reasonably accurate eigenvalues of these states are also reported for intermediate to large r c values in [24] and for r c ≥ 8 in [29] .
Qualitatively correct energies for ground state were obtained from some simple variational wave functions [22] , and a variational method with generalized Hylleraas basis set as well as a perturbative approach using exact solution of confined free particles as unperturbed wave function [55] . As seen, energy levels are raised relative to the free-atom values. Obviously, as r c tends to infinity, eigenvalues monotonically approach the corresponding values of free H atom. With an increase in quantum number n, the required r c values to attend the energy of unconfined H atom, increases. One also notices that the extent by which a CHA level is raised relative to the free H atom, tends to increase as r c decreases. a Ref. [35] . b Ref. [27] . c Ref. [33] . d Ref. [21] . e Ref. [34] . f Ref. [32] . g Ref. [24] . h Ref. [29] .
Next, Table II only one result could be found; present energies are clearly much better than the reference values [35] . On the other hand, the intermediate-r c results for 2p state are seen to match quite nicely with the algebraic solution of [29] . As in the previous table, current eigenvalues are very much competitive to those of [32] [33] [34] ; in several occasions completely reproducing the latter ones. For 2p state, some intermediate-r c results were reported through a supersymmetric variational method [27] as well as a variational method [21] , offering qualitatively good energies. Free-atom energies are regained back for sufficiently large box size r c ; large n requires large r c . Other general conclusions of Table I remain valid here also.
Now Table III offers results on select 12 low-and moderately-high-lying excited states of CHA corresponding to 3 ≤ n ≤ 5; ℓ ≤ 4, to establish the efficiency and usefulness have not been reported earlier, especially for medium and large r c . Given the success of this method for all the states reported before, we are confident that these are also equally accurate; they may constitute a useful reference for future investigations on such systems.
Once the low-lying states of Tables I, II and III Within a particular n, for a fixed r c , energies are split such that, with increase in ℓ, the latter decreases, so that the sub-level with largest ℓ corresponds to lowest energy. Obviously, as r c → ∞, all states regain the free-atom energies. A careful examination of the above tables reveals that, for a given r c , the extent by which a particular level is raised with respect to its corresponding free state, is relatively less for ground state compared to excited state; generally increasing with n for a specific ℓ. For example, the magnitude of the shift in energy from its unconfined counterpart, ∆E Such a system is also known to exhibit simultaneous degeneracy, whereby, for all n ≥ ℓ + 2, a CHA state characterized by quantum numbers (n, ℓ) becomes degenerate to a (n + 1, ℓ + 2)
state, exactly at r c = (ℓ + 1)(ℓ + 2). Thus it is seen that 2s and 3d states are degenerate at r c = 2. Some other similar pairs are (4s, 5d) at r c = 2, as well as (3s, 4d), (3p, 4f ), (4p, 5f ), all at r c = 6. Panel (c) displays all the eight states (having ℓ = 0 − 7) corresponding to n = 8 as in Table IV . Within a given n, the sub-ℓ levels do not cross each other; all the plots remain well-separated at small r c and gradually reaches the free-atom value at large r c . As r c decreases, higher-ℓ states get relatively more stabilized such that, for a particular r c , accidental degeneracy breaks down to make the highest-ℓ state lowest in energy and vice versa [37] . Therefore, for a particular n, one finds inequalities such as: E 2p < E 2s ; E 3d < E 3p < E 3s ; E 4f < E 4d < E 4p < E 4s , etc. Lastly in (d) is shown the plots for eight s-waves (ℓ = 0) having radial quantum numbers n = 1 − 8. Here also, the plots remain well-separated and monotonically decreasing with increase in r c . For a given ℓ and r c , state with lowest n remains lowest in energy and vice versa. Similar pattern has been found for other ℓ values and omitted therefore. As expected, as the cavity size becomes smaller, many complex energy splitting is observed, especially with higher n, ℓ quantum numbers. We have found the energy orderings for CHA in the limit of r c → 0 as, 1s, 2p, 3d, 2s, 4f, 3p, 5g, 4d, 6h, 3s, 5f, 7i, 4p, 8k, 6g, 5d, 4s, 9l, 7h, 6f, 10m, 5p, 8i, · · · It is noticed that as one goes to higher levels, there is significant intermixing between levels belonging to different n values. This arises presumably due to the fact that as confining radius decreases, there is a lot of crossover between levels of different n, ℓ values. Now the attention is turned to zero-energy case, i.e., estimation of the minimum cavity radius that can accommodate a bound state in a CHA. As apparent from our above discussion, binding energy of a CHA gradually diminishes with reduction in the size of cavity, rendering all states to have positive energy at sufficiently small r c . Thus it is of importance to find out the cavity radius at which the binding energy becomes zero, the so-called critical cage radius, r c c . For example, these have relevance in the study of partition function of atomic H as well as in the ionization of ground and excited state. [9] , through the zeros of Bessel's function of first kind of order p, J p (z). Thereafter, a slightly better value (1.8354) was presented in [69] . Some authors [11] also showed the ionization cage radii to be proportional to the zeros of Bessel functions.
However, the first systematic investigation on all states up to and belonging to n = 10 were undertaken by [52] through a variational calculation, which are duly quoted here for comparison. There, five significant-figure accurate results were given; current GPS results are considerably improved, especially for lower states. Results for first 6 states corresponding to ℓ = 0, 1 show complete agreement with the accurate asymptotic iteration result [32] for all but 7p state. First five states of ℓ = 0, 1 are also available from precise calculations of [34] , which again corroborate our present critical radii values. Estimation of these become progressively more difficult for higher n, ℓ quantum numbers, due to complex mixing amongst states. In general, for a given n, critical radius tends to increase with ℓ, while for a fixed ℓ, the same decreases as n increases. Furthermore, the disappearance of degeneracy in energy levels with respect to ℓ quantum number for a given n in CHA is reminiscent to that of the effect of screening on energy levels in a Coulomb potential [59] , e.g., a Hulthén or Yukawa potential. It is well-known that in case of a screened Coulomb potential, bound states exist only for certain values of screening parameter below a threshold limit; if the parameter goes beyond this critical value, the state becomes unbound. Analogously, for H atom, under the influence of spherical confinement, a level becomes unbound if the confining radius remains below the critical cage radius, and bound otherwise.
As a further verification on the accuracy and faithfulness of our calculation, Table VI 
B. Confined Hulthén Potential
As an attempt to assess and extend the domain of applicability of our scheme to other Tables VII and VIII give sample eigenvalues for two low-lying nodeless states corresponding to ℓ = 0, 1, viz., 1s, 2p of confined Hulthén potential for δ = 0.1 and 0.2 respectively.
In both cases, position of the spherical wall was selected at 12 different locations, so as to a Ref. [71] . b Exact result, quoted in [71] . c Ref. [70] . d Ref. [28] . e Exact result, quoted in [28] . f Ref. [17] .
cover small, intermediate and large range of confinement. The lowest cavity radius so far considered in literature is: r c < 2 (in case of 1s, for both δ) and 6 (in case of 2p, for both δ).
Current energies show decent agreement with super-symmetric result of [71] for all values of box size for both states, wherever those are available. The same author also estimated these states by a numerical method that employed Numerov's method with a logarithmic mesh for solution of Schrödinger equation. The latter shows slightly better agreement than super-symmetric result, especially in the neighborhood of critical cage radius, r c c . This is defined as the radius of the enclosure at which energy becomes zero, analogous to CHA.
We have not attempted a detailed study. Rather a more restrictive approach is adopted by screening parameters given in parentheses [71] . In another estimate [72] , r c values are found to be 1.894, 1.958 (for 1s state having δ = 0.1, 0.2 respectively), whereas for 2p state, the b Exact result, quoted in [71] . c Ref. [70] . d Ref. [28] . e Ref. [17] . f Exact result, quoted in [28] .
corresponding values are 5.826 and 7.043. Excepting δ = 0.2 of 1s, other three cases were studied by 1/N expansion method [70] . One notices that, generally, as r c goes to higher values, these results tend to improve. For same three cases, energies were reported by supersymmetric variational method [28] and WKB method [17] , leading to quite similar accuracy and conclusions as those in [70] . Numerical estimates, as quoted in [28] , are also produced wherever possible. While these reference energies show good agreement with each other, present values are considerably more accurate than all of these.
Next, Table IX to attain a negative value for a sufficiently high r c and remains stationary thereafter. Full confinement region is scanned. To the best of our knowledge, no such attempt is known for such states and they may offer a useful set of reference for future works in this direction.
We graphically show the effect of isotropic compression on energies of Hulthén potential high positive value, they fall off rapidly monotonically as r c increases, finally approaching the energy of corresponding free system smoothly and remaining constant thereafter. As r c decreases, energies change sign from negative to positive values becoming zero for critical cavity radius. Like the case of Coulomb potential, for a given δ and r c , state with lowest n remains lowest in energy within a particular ℓ, whereas, for a given n, state with highest ℓ corresponds to lowest energy. Furthermore, for a specific δ, sequence of energy follows the same pattern as Coulomb potential of previous section in the limit of r c → 0. However, the same in unconfined case is as follows:
1s, 2s, 2p, 3s, 3p, 3d, 4s, 4p, 4d, 4f, 5s, 5p, 5d, 5f, 5g, 6s, 6p, 6d, 6f, 6g, · · · Finally, a few words about the dipole polarizability of confined Hulthén potential. The exact calculation of polarizability is quite involved; we use simplified expressions, originally derived for one-electron atoms in free-space, by Kirkwood [80] and Buckingham [81] , namely,
Assuming that these expressions hold good for confined systems, as has been done in many previous occasions, we summarize our results in As r c increases, difference between the two α tends to increase significantly. It is generally found that polarizability values for 2p states are much higher compared to the ground state for a given δ; moreover, the asymptotic value is reached for a considerably large r c for 2p state. Furthermore, one notices an increase in both α 
